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Let X n , n EN, be ij.d. with mean 0, variance 1, and £(1 X n I') < r:IJ for some r;;' 3.
Assume that Cramer's condition is fulfilled. We prove that the conditional
probabilities P( 1/";-;;' I:7~ 1 Xi ~ t IB) can be approximated by a ntodificd
Edgeworth expansion up to order 0(I/n('-2)/2), if the distances of the set B from the
o--fields o-(X j , ••• , Xn ) are of order 0(1/n('~2)/2 (lgn)P), where [3< -(r-2)/2 for
r ¢ Nand [3 < - r/2 for r E N. An example shows that if we replace fJ < - (r - 2)/2
by P= -(r- 2)/2 for r¢ N (fJ < -r/2 by p= -r/2 for r EN) we can only obtain the
approximation order 0(1/n('-2)/2) for r¢N (0(lglgn/n('-')/2) for rEN).© \990

Academic Press, Inc.

1. INTRODUCTION AND NOTATIONS

Let X n , n EN, be a sequence of i.i.d. real valued random variables with
mean 0 and variance 1. Put Sn = 2:7= I Xi and S; = 1/~ 2:7= 1 Xi' Denote
by d(B, ff(XI , ... , X n )) : = inf{P(B £-,. B n ) : Bn E ff(Xlo ... , X n )} the distance of
the set B from the ff-field ff(XI , ..., X n ). In this paper we look for
Edgeworth expansions of the conditional probabilities P(S,~ ~ tl B). If
E(/ Xl Ir) < 00 for some r;;;, 3 and if Cramer's condition is fulfilled, i.e.,
limlll~co IE(eitX1)1 < 1, then we have (for B=D) the wen-known expansion

I
[r] - 2 1 I ( 1 )

sup P(S:~t)-rp(t)-<p(t) I i/2Qi(t) =0 (r-2)/2
IEI'! i=1 n n
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(see, e.g., Theorem 2, p. 168 of Petrov [6J). Here ifJ denotes the standard
normal distribution function and cp its density.

Q;(t) are the classical polynomials and [xJ=max{nEN:n<x}. For
more general sets B there exists only one expansion result (see [4J). This
result deals with the case r = 4 and uses one correcting term. It was shown
in [4J that d(B, er(XI , .., X n )) = O(1/n(lg n)fi) for some [3 < - 2 implies that

with QI,O(t) = QI(t) - a, where a is a constant depending on B and the
distribution of Xl'

In this paper we give higher order asymptotic expansions for
P(S:<tIB), We prove that

d(B, er(X1 , ..., X n )) = 0 (n(r~2)/2 (lg n)fi)

implies that there exist polynomials Q;,o(t) such that uniformly in t E IR,

IP(S: <tl B) - ifJ(t) - cp(t) [rf2 Q;,~~t) I
;=1 n

o C(r~2)/2),
r-2

r~ N, [3<--
2

clg n)fi+ (r-2)/2) r-2
o (r-2)/2 ' r¢N, [3~ --2-

n

o C(r~2)/2), rE N, [3 < -r/2

( 19 19 n ) rE N, [3= -r/2o n(r-2)/2 '

o ((lg n)p+r/2)
rEN, [3> -r/2n(r-2)/2 '

(see Theorem 1 with g = 1B)'
This result shows a surprising difference between the cases r E Nand

r ¢ N. Nevertheless all approximation orders are optimal (see Example 2).

2. THE RESULTS

In this section we present our results, postponing the proofs until
Section 3.
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If g is a measurable function we denote by
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the Ii III-distance of g from the subspace of all integrable 6(XI, ..., X,,)
measurable functions. We write E(S: ~ t, g) instead of E(g· 1is;; ~ I})'

The following theorem is the main result of this paper.
Since <p(t)(1/n([rJ-2112)Q[rJ_2,g(t)=On(r,/:I) for the last two cases of

this theorem (i,e" for r EN, /:I ~ - r/2) we omit in these cases the last term
of the expansion. Hence we consider in these cases the expansion up to the
(r-3) th term only. Observe that an convergence orders On(r, /:I) are
optimal (see Example 2).

THEOREM 1. Let r ~ 3 and let X n, n EN, be i.i.d. with E(X j ) = 0,
E(Xi) = 1, and E( IX I Ir) < co. Assume that Cramer's condition is fulfilled.
Let g be a bounded measurable function, let fJ E lR, and assume that

Then there exist polynomials Qi,g(t) (the coefficients depend on g and on the
distribution of XI) such that

I
j(r, 13) 1 I

~~~ E(S:~t,g)-<P(t)E(g)-<p(t) i~1 niI2Qi,g(t) =On(r,{3),

where

j(r, /:I) = {;~; 2, if rrf=NorrEN, /:1< -r/2

if rE N, {3~ -r/2

and

o C(r~2)/2)'
r-2

(i)if rrf=N, /:1<--
2

c1g n)f3+(r-2J12) r-2
(ii)o (r-2)/2 ' if r¢N, {3~ --2-

n

On(r, {3) = o C(r~2112)' if rE N, {3 < -r/2 (iii)

cg1gn
) if rE N, fJ= -r/2 (iv)o n(r~2)j2 '

((lg n)/3 + r12)
if rE N, {3 > -r/2. (v)o n(r- 2112 '
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Remark. The polynomials Qi,g(t) of Theorem I can be computed alon
the lines of the proof of Theorem 1. We have, e.g.,

where ai' a2 are constants depending on g and on the distribution of X
For Ql,g( t) see also Theorem I of [4].

The following example shows that the approximation orders give
in Theorem I are optimal. It is well known that even if g = I Q

whence d1(g,a(X1, ...,Xn ))=0-the approximation orders o(l/n(r~2)(2) (

Theorem I (i.e., case (i) and case (iii» ~annot be i:mproved. TherefOl
Example 2 deals with the remaining three cases. Always we chom
g=l B with a suitable set B. Observe that dl(lB,O"(Xl"""Xn))~

d(B, 0"(X1 , ... , Xn)) (this can be shown, e.g., by using the Fubini Theorem

EXAMPLE 2. Let X n , n EN, be i.i.d. N(O, 1)-distributed. Let r ~ 3, 13 E ~

Then there exist BE a(Xn : n EN) and to E IR, C > 0, such that

_ (1 13)d(B, O"(Xb ... , Xn)) - 0 n(r-2)/2 (lg n)

and

for infinitely many n EN, where

. "() {[r] - 2,
)=) r =

r-3,

and

(lg n)p+(r-2)(2

n(r- 2)(2

19 19 n
n(r- 2)/2'

(lg n)13 + r/2

n(r- 2)(2 '

r-2
if r¢N, f3~ --2-

if rE N, 13 = -r/2

if rEN, 13> -r/2.

Here Qi,B(t) = Qi,lB(t) are the polynomials of Theorem 1.
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3. PROOF OF THE RESULTS
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To prevent the proof of Theorem 1 from becoming too lengthy we try to
unify the proof as far as possible for the rather different types of
approximation orders O,,(r, fJ). Some lemmas which are needed for the
proofs of Theorem 1 and Example 2 are given at the end of this section.

Proof of Theorem 1. Let jE N u {O} be fixed. We prove the result for
pairs (r, fJ) with j(r, fJ) = j. For j = 0, we have r = 3, fJ): - ~ and the result
is part of Theorem 4 of [3]. We assume therefore that j): 1. We need some
conventions and notations. Throughout the proof we use the symbol c to
denote a general constant which may depend on r, fJ, and the distribution
of Xl' Put N I ={2i:iEN}, N n={VEN 1 :v::::;n/lgn}, and define k(n)=
max N n , n): 2. Let g be a bounded and measurable function, fulfilling
condition (*) of Theorem 1. Choose a(XI , ... , Xn) measurable functions gn
with E(lg-gnl)=d1(g,a(XI , •••,Xn)). Put h2=g2 and hy=gy-gV!2 for
each vEN I, v): 4. Then we obtain by assumption (*)

(lg v)p
E(I hv I)::::; c (r-2)/2'v

We show first two relations which are essential tools for the proof:

(A) '+</2 L v'E(Ih v IISv l<)=On(r,{3)
n k("j'; YEN 1

(1)

if1+ r/2 ::::;j/2, I): 0, r ): 0, and I, r E !R.

(B) n';</2 L v'E(lhvIISvl<)=On(r,fJ)
vENn

if1+ r/2): (j + 1)/2, I): 0, 0::::; r < r, and I, r E !R.

Ad (A). If v): 2, 0 < r < r, we have by Lemma4 and (1) for each y): ~

E(I h v II SV 1<)::::; cE(1 Sv 1< 1 {1~1:;>.,;;:-=1 (lg v)')) + CV</2(lg v)Y< E(I hyI)

::::; CV</2 - (r- 2)/2 «(lg V)y« - rj + (lg v)Y< + p).

For r=O, (2) follows from (1).
Relation (2) implies

1
H(n):= n'+</2 L v'E(IhvIISyl<)

k(nj'; v E N1

(2)

::::; c n,L/2 L v'+</2-(r-2)/2 «lg v)y«-r j +(lg v)y<+P). (3)
k(nj'; VEN 1
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We consider at first the case 1+ r/2 < (r - 2)/2. As

1 cL ---;; (lg V)b ~--;; (lg n)Hb
k(n)<:;VENl V n

we obtain from (3) withy = 1

if 8>0

1
H(n) ~ c n(r-2)/2 (lg n )(r- 2)(2- (lH(2) [(lg n )« - r)(2 + (lg n r(2 + Ii]

__1_[ 1 (1 )1i+(r-2)(2-1]_0 ( /3)
-c n(r-2)(2 (lgn)l+l+ gn - n r, .

As l+r/2~j/2~([r]-2)/2~(r-2)/2 it remains to consider the case
[+r/2=(r-2)/2. Hencej=j(r,/3)=r-2, whence rEN, /3< -r/2. Conse
quently there exists 'I with 1< 'I < - (/3 + 1)/j = - (/3 + 1)/(r - 2). Then
y(r - r) < -1 and yr + /3 < -1, and (3) implies

H(n) = 0 C(r~2)/2) = O,,(r, /3).

Ad (B). We obtain from (2) for each 'I ~ 1,

We consider the three cases 1+ r/2 ~ (r - 2)/2:

(i) As [+ r/2 ~ (j + 1)/2 ~ (r - 2)/2, [+ r/2 < (r - 2)/2 is impossible.

(ii) If [+ r/2 > (r - 2)/2, apply (4) withy = 1. Then we obtain using
LemmaS

L(n) ~ c _1_ n l+</2- (r-2)/2 ( 1 + (lg n )Ii+ (r- 2)/2-1)
. nl + «2 (lg n) 1 + I

_1_(_1_ 1i+(r-2l/2)_
~ c n(r-2l/2 19 n + (lg n) - On(r, /3).

(iii) Finally let [+ r/2 = (r - 2)/2.

Hence (r - 2)/2 = 1+ r/2 ~ (j + 1)/2, i.e., j ~ r - 3, whence r EN and
/3~ -r/2.
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Applying (4) with ')I = ! we obtain

L(n)~c~ " (_1_+ (lgV)fJ+(r-z)/z).
n(r Z)jZ L, 19 V

veNn

By Lemma 5 we have Lv E N n l/lg v = O(lg 19 n) and
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" (lg v)fJ+(r-z)/Z = {O(lg Ig n),
V;-N

n
O( (lg n)fJ + r/Z),

if [3 = -r/2
if f3 > -r/2.

Hence (5) implies Ln=On(r,{J). Thus (A) and (B) are proven.

Using 1- rfl(~)= o(1/n(r-Z)/Z) and similar methods as in the proof
of Theorem 1 of [4], it suffices to construct polynomials Qi,g(t), i = 1, ..., j,
such that

sup lE(S::~t,g)-rfl(t)E(g)-CP(t)±)/zQi,g(t)!=On(r,{J). (6)
Itl";~ 1=1

Since g = g - gk(n) +Lv E Nn hV' we obtain by assumption (*)

sup IE(S:: ~ t, g) - L E(S; ~ t, hv ) I
tE ~ vENn

~E(I g-gk(n)\)= 0 Ck(n);<r-Z)/Z (lgk(n))p)

=O( 1 (lg n)P+ (r-z)/z) = 0 (r (3).n(r- Z)/Z n ,

Hence it suffices to prove that

sup \ L E(S;~t,hv)-rfl(t)E(g)-cp(t) ±)/ZQi,g(t)!
Itl"'~ vENn i=1

= °n(r, [3). (7)

Let Fn be the distribution function of S,~ and let

j 1
Kn,j(t) = rfl(t) + cp(t) L ni/Z Qi(t)

i=1

be the classical asymptotic expansions. Put Dn,j = En - Kn,j'
We prove three properties which imply our assertion as we see later:

(PI) sup I L fhko) Dn_v,j (J : t- ~ Sv(W)) P(dW)!
tEIil vENn n V yn-V

= On(r, (J)
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(P2) SUp I L fhv(w) Kn_v,j(t) P(dw)

.. " "~4'(I) E(g) ~ ",(t) ,t)p Qi,'!(lll ~ o"(t, Pl

(P3) SUp I L fhv(w) [Kn-v,j()n:v t- J 1_ 8v(W»)
It\";~ vENn n V

] f, 1 (2) 1_-Kn_v,j(t) P(dw)-cp(t)i~lni/2Qi,g(t) -On(r,f)

with suitable polynomials Ql.~(t), Q~,2i(t).

Ad (PI). Since Cramer's condition is fulfilled, we have by the classical
asymptotic expansion (see [6, Theorem 2, p. 168]) that

{

8n_v
C (n -'- v)(r-2J/2'

sup /Dn_v,j(Y)/~l
yEUl

C (n_v)(r-2J/2'

if i=[r]-2

if i=r-3,

(8)

where 8m ---+ mE NO. Since n - v~ nl2 for all vENn (if 19 n ~ 2), (8) implies

sup /Dn-v,j(Y)/ =On(r, f).
vENn,yEUl

Let An be the expression occurring in (PI). Then (9) and (1) imply

Ad (P2). By definition of Kn-v,j, we have

(9)

L fhv(w) Kn_v,/t) P(dw)
veNn

= <P(t) E(gk(n) + cp(t) vErn (E(h.) itl (n_
1
v)i/2 Qi(t)). (10)

For vENn, n EN, and i~i, we have

(n _\)i/2 = )/2 (to (-:12
)( -~)'+ 0 ((~y+1)),

where 0 (~) ~ c~.
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Hence (10) implies

I Kn-v,j(t) E(hv)
vENn

281

= <P(t) E(gk(n)

j j (-i/2) 1 I
+ cp(t) i~II~O I ni/2 +1V~" (-v) E(hJ Qi(t)

+ cP(t) it n~/2 V~" 0 ((~Y+l) E(h v ) Qi(t),

As E(gk(n) = E(g) + On(r, 13), (P2) is shown if we prove that for 1~ i ~j,
O~l~j,

1" I C
ni/2 +1 L. (-v) E(hJ = ni/2 +1+ 0n(r, 13)

VE N n

for i/2 + I~i/2

for i/2 + I>i/2,

(11 )

(12)

Ad (11). As i/2 + I~j/2 and i~ 1, we have I<i/2. Hence (1) applied to
T = 0 yields that LVENl ViE(I hv I) < 00. Put C = LVE Nl ( - V)I E(h v )' Then (A)
applied to T = 0 yields

I i/~+I( L (-V)IE(hv)-c)l~ni/~+1 I v'E(lhvl)
n VENn k(n)<;vENj

1
~l L vIE(lhvl)=On(r, 13).

n k(n)<;vENj

Ad (12). (B) applied to T = 0 and i/2 + I instead of I yields

ni/~+I I VIE(lhvl)~ni/~+1 I v
i
/2 +IE(!hv\)=On(r,{3).

veNn VENn

Ad(P3). Let U := ut,n,v(O) = In/(n - v) t - (1/~) Sv(O)
t(f(v/n) + 1) - (1/~) Sv(O), where f(x) = (1 - X)-1/2 - 1
L;"=1 (-~/2)(-X)P~cx for o~x~!.

Hence we have for vENn' n EN,

640/63/3·2
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whence
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(13)

By the Taylor expansion we have

Kn_v,/u)-Kn_v,J(t)= JlLK~~v,it)(u-t),l

+ 1 K(j+l)(~)(U_t)J+l (14)U+ I)! n-v,]

with ~ = ~"n,Jw) E [u"n,v(w), t].
According to (14), property (P3) is shown if we prove that

Bn := sup II Jhv(w)(u"n,v(w)-t)J+l
I'I';~ vENn

XK(j~l)(): (W))P(dw)jn v,J ':, t,n, V

(15)

and that for each A= 1, .",j there holds unifonnly in Itl ~~

I K~~v,/t)J(U"n,v(W)-t),lhv(w)P(dw)
vENn

J 1
= cp(t) P~l nP/2 Qp,g,J(t) + On(r, 13) (16)

with suitable polynomials Qp,gjt).

Ad(15). As sup{IKl!~v~;(~)1 :~EIR, nEN, vENn}<oo, we obtain
from (13) that

(13)
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Hence by (1) and (B)

Consequently by Lemma 5

(lg n )U+ 1)/2
B ~C (1gn)p-U+l)+(r~2)/2+0 (r P)=O (r P)

11 '" n(r-2)/2 11 , ""
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Thus we have (15).

Ad(16). Let AE {I, ...,j} be fixed. We have with suitable polynomials
QI(t) that

Furthermore we have by definition of Ut,lI,V(W) andf(x) that

According to (17) and (18), relation (16) is shown if we prove that for each
O':::;i,:::;j, 0,:::; 8':::; A uniformly in It I~~,

( ) QA ( ) (A) ( 1»),-e e" j"(vjn) (h SA-e)
({J tit - t L. ( _ )(i + A_ 8)/2 E v v

e vENn n V

j 1
= ((J(t) I p/2 Rp(t) +OAr, fJ)

p=l n

with suitable polynomials Rp(t) = Rp,I,e,A,g(t).

We have

e(V) 1 _ 1 (1-~Y
f ~ (n _ v)i'-l-e+I)/2 - n(A-e+il/2 (1- vjn)P-+i)/2'

By Taylor expansion we furthermore have

j (1)(0)I ~XI+O(xj+l),
1=0 I,
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Hence for vENn> n EN,
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£ (V) 1 1 [j q~I)(O) (V)l ((V)j+l)J
f -;; (n_v)(A-e+i)(2=n<A-e+il/2 l~o-l-!- -;; +0 -;; .

Observe that q~O)(O) = 0 if 8> O. Consequently (19) is shown if we prove
that

(20)

for ~~(A-8+i)/2+I~J/2 and

for (A-8+i)j2+I>J/2. Relation (20) follows from (A) with c=
L

V
Ef\Jl vlE(hvs~-e).Relation (21) follows from a slight modification of (B).

Thus (P3) is shown.

Now it remains to show that (Pl)-(P3) imply the assertion, i.e., we have
to prove (7).

Since for v<n the function w----tFn_v(Jn/(n-v)t-(I/~)Sv(w))
is a version of P(S: ~ t IXl' ..., X.) and since hv is a(Xl , ... , X.)-measurable
we obtain that

E(S: ~ t, h.) = f hv(w) Fn~v (J n t- ~ Sv(W)) P(dw).
n-v yn-v

Hence

veNn

= L f hV(W)Dn~v,j(J : t- ~S.(W))P(dW)
vENn n V y n - V

+ L f hv(w) [Kn-V,J(J : t- ~Sv(W))-Kn-vjt)Jp(dW)
vENn n V yn-V

+ L fhv(W) Kn_v,j(t) P(dw).
veNn

Thus (Pl)-(P3) imply (7) and hence the assertion.

Proof of Example 2. For the case r = 3 see Example 5 of [2] with
h(n) == 1 if f3 = - ~ and h(n ) = (lg n )fJ + r/2 if f3 > - r/2.
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Therefore we assume r > 3. The concept for all three cases of this exam
ple is the following: Let to E IR and Co E (0, 1] be the constants of Lemma 3
and put k(n): = [co(n/lg n)]. We construct a subsequence Nc Nand
disjoint sets BvE(J(X1 , ••• , Xv), VE N, with the following properties:

(PI) Bvc {~/2~S:~~}, vEN

(P2) L P(Bv)=O( (r:2)/2(lg n)13)
v>n n

(P3) L P(BJ = o(bn ), nEN
v> ken)

1 "I < ~(P5) 1+</2 L" vE(lSvl IB)=o(bn),nE!'\J,
n v.;k(n)

if 1+ T/2 ?: (j + 1)/2, I?: 0, 0 ~ T ~j, I, T E IR

(

VIgV)(J+O/2 _ ~
(P6) L -n- P(BJ ~ cb n , n EN,

v.;k(n)

with suitable c> O.

Let us first see whether (PI)-(P6) lead to an example of the desired kind.
Put B=Lv"N Bv. Then by (P2)

d(B, (J(X1 , ... , Xn»~ L P(Bv) = 0 ( (r: 2)/2 (lg n)13),
v>n n

i.e., (*) is fulfilled. By (P3) we obtain

P(S; ~ to, B) - ¢(to) P(B)

= L (P(S;~to,Bv)-<P(to)P(Bv))+o(blt)' nEN.
v.;k(It)

Hence, using (PO, Lemma 3 implies that
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where by (P6),
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clbn~en= L: en,v~c2bn,
v";;;k(n)

n ENlarge enough, (2)

with suitable cl' C2 < O.
By similar methods as in the proof of Theorem 1 (where (A) and (B)

implied (16)) we obtain from (P4), (P5) that there exist au ..., ajE IR such
that

, (') ( ) )'±(/J I (to) L f t f ~ _~ I dP
i=l i! v";;;k(n) B, (0 n ~

nEN. (3)

Now (1 )-(3) imply that

peS: ~ to, B) = (/J(to) PCB) + ±~:2 + en,
i=l n

where with suitable C3' C4 < 0,

nEN, (4)

for sufficiently large n EN. (5)

By Theorem 1 we obtain

Now (4)-(6) yield ai= cp(to) Qi,B(tO)' i= 1, ...,j, and hence (4), (5) imply
the assertion.

Thus it remains to construct N c Nand BvEa(Xl> ..., Xv), vEN, disjoint,
fulfilling (PI )-(P6). We distinguish the cases r EN and r ric N.

CaserEN. Herej=j(r)=r-3 and f3~ -r/2. Since

for all sufficiently large v, there exist Vo EN and disjoint BvEa(X1 , ..., Xv),
v~ Vo, such that

(7)

(8)
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Put B v = 0 for v < Va and take N= N. Then obviously (PI), (P2) are
fulfilled.

Ad (P3). For sufficiently large n we have by (P2) that

'" 1. f31... P(Bv ) ~ c(k( »(r~ 2)/2 (lg k(n»)
v>k(n) (P2) n

1
~ c . (lg n)f3+(r-2)/2 = 0(0 )
'" nCr - 2)/2 n •

Ad (P4). Let 1+ -rj2 ~j/2 = (r - 3)/2. Then we obtain

1
H(n):= 1+,/2 L vlE(1 Sy IE)

n v>k(n)

~ 1:,/2 L vl(v 19 V)'/2 P(BJ
(7) n v>k(n)

= _1_ L vl +'/2-r/2 (lg V)f3+'/2
(8) n l + ,/2

v>k(n)

and 1+ '[/2 - r/2 ~ - ~ implies

1
H(n) ~ c n

l
+'/2 (k(n»/H/2-r/2+ 1 (lg k(n»f3 + ,/2

I
&C (lg n)f3+(r-2)/2-1= 0(0 )
'" nCr - 2)/2 n .

Ad (P5). Let 1+ '[/2 ~ (j + 1)/2 = (r - 2)/2, 0 ~ '[~j. Then

1 "'. 1 ,
L(n) = n l +'/2 v,;;,L;(1I) v E(ISvl IEJ

I
~ c-- '" vl +</2-r/2(lg V)f3+'/2-
'" 1+ </2 1...

(7), (8) n 2';;'v';;'k(n)

First let 1+ '[/2 = (r - 2)/2. Since -r ~j = r - 3 this implies I~ ~ and hence
by a simple calculation

1 1
L(n)&c '" _(lgv)-1/2+ f3 +(r-2J/2

'" (r - 2)/2 1...
n 2,;;,v';;'k(n) V

{

( 19 19 n) }o n(r-2)12 : [3= -r/2

= ((lg n)f3+ r/2) . = 0«(\).
o (r_2)/2.[3>-r/2

n
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It remains to consider the case 1+ r/2 > (r - 2)/2. Then 1+ r/2 - r/2 > 
and we have

L(n) ~ C n
l
: T/2. ((k(n))I+T/2-r/2+1 (lg k(n))P+T/2)

1
&. C-- (lg n)P+ (r-2)/2 = 0(6 )"" n(r-2)/2 n •

Ad (P6). We have by (8)

(

V 19 V)U+ 1)/2I - P(BJ
v';;k(n) n

= _1_ I ~ (lg v)p+(r-2)/2
(8) n(r-2)/2 V

vo~ v ~ k(n)

~ {:7r~g2~2' if /3= -r/2}
- 1 (lg n )P +r/2 = c6 no

/3+r/2 n(r~2.)/2' if /3> -r/2

Case r¢ N. Here j= j(r) = [r] - 2 and /3 ~ - (r-2)/2. Put

N:= {22.
i

:iEN} and r\!:= {nEN:k(n)=[COIgnn]EN}.

Then there exist Vo EN and disjoint BvEa(X1 , ... , Xv), V E N, v~ va' sud
that

Bve {~/2~S:~~} (9

1
P(BJ= (r_2)/2(lgv)P, vEN,v~vo' (10

v

Put B v = 0 if v < Vo or v ¢ N. Then obviously (PI), (P2) are fulfilled.

Ad(P3). Let nEr\!o Then k(n)EN and therefore B v =0 if k(n)<v<
k 2(n). Hence we obtain for sufficiently large n E r\!

I P(Bv ) = I P(BJ = 0(6n ), n E r\!.
v>k(n) v>n

Ad (P4). Let l+r/2~jj2=([r]-2)j2.We have by (9), (10) that
1

H(n) = nl + T / 2 L vIE(ISvI T In,)
v>k(n)

1
~ -- I VI + T/2(lg V)T/2 P(B )
(9) n'+T/2 v

v>k(n)

1
~ I+T/2 L vl +T/2-(r-2)/2 (lg V)'/2+ P.
(10)n v>k(n),VEN



ASYMPTOTIC EXPANSIONS 289

Let nEN. Then v>k(n), vEN, implies v~P(n)~k(n)lgk(n). As
1+ TI2 - (r - 2)/2 < 0 we consequently obtain for sufficiently large n E N

1
H(n) ~ c n

l
+ </2 (k(n) 19 k(n) )1+ </2 - (r- 2)/2 (lg n)13 + T/2

:0:::: 1 (1 )13 + t/2
""" C (r-2)/2 g nn

=o( 1 (lgn)f3+(r-2)f2\=o(~) nE~1
(r~2)/2 ) Un , 1"1.

n I

Ad(P5). Let I+TI2~(j+1)/2=([rJ-I)/2and O~T~j. We have

1 "I t)L(n):= l+t/2 L.. v £(18v \ IE,
n v";;k(n)

1
:0:::: __ " vl + r/ 2 -(r-2)/2(lg v)13 + T/2
""" l+t/2 L. .

(9),(10) n vo,;;;v";;k(n),vEN

As 1+ T/2 ~ ([rJ -1)/2> (r- 2)/2 and as k(n) EN for all nE N, we obtain
for all sufficiently large n E N

1
L(n) ~ c n

l
+ t/2 (k(n ))1+ t/2 - (r - 2)/2 (lg k(n))f3 + t/2

1
:0:::: C (lg n)13 + (r- 2)/2-1
""" n(r-2)/2 .

As 1+ T/2 > )/2 and T ~), we have I> O. Therefore

L(n) = 0 C(r~2)/2 (lg n)13+ (r- 2)/2) = o(bn ), n EN.

Ad (P6). Since) + 1 > r - 2, we obtain by (10) for all n EN

(
Vlg v)U+1 l /2L - P(Bv )

v,,;;k(n) n

1=. "vU+l)/2-(r-2)/2(lg V)fJ+U+1)/2
( 0 ) n(}+1)/2 L.
1 Vo";;v,,;; k(n), VE N

~ nU~1)/2 (k(n))U+l)/2-(r-2)/2 (lgk(n))fJ+U+1)/2
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LEMMA 3. Let Xn, n EN, be i.i.d. N(O, 1)-distributed. Let JEN and put
f(x) = (1 - x) -1/2 - 1.

Then there exist to E IR, Co E (0, 1] such that for all sufficiently large n EN,

all v ~ Co njIg n, and all BvE u(Xj, ..., XJ with Bvc {jig-;j2 ~ S: ~ jig-;},

P(S: ~ to, Bv) - <f>(to) P(Bv)

= t <f>(i:~to) J (tof(~)- 2--:)1 dP+en,v
1=1 l. B, n yn-v

holds, where for suitable c1, C2 < 0,

(

V 19 V)(J+ 1)/2 (V 19 V)(J+ 1)/2
c 1 -- P(Bv)~env~C2 -- P(BJ.

n ' n

Proof It is easy to see that there exists to ~ 1 with

( -1 )j+ 1 <f>(J+ 1)(to) < 0. (l)

Since w~<f>(toJnj(n-v)-S.(w)j~) is a version of P(S:~
to IXl' ..., Xv), V < n, and since BvE u(X1, ..., Xv) we obtain

P(S: ~ to, Bv) - <f>(to) P(BJ

= t, (<f> (to In: V - J:~J-<f>(to)) dP. (2)

By the Taylor expansion we have

<f>(u) - <f>(to)

j <f>(i)(t) 1=I-.-,_o (U-tO)i+. l(u-tO)j+1<f>(J+1)(~) (3)
1=1 l. (j+1).

with ~ E [u, toJ. Put u = uv,n(w) = toJnj(n - v) - (1j~) Sv(w); then

u-to=tofG)-J:~v' (4)

Hence (2}-(4) imply the assertion if we prove that the stated inequality for
en, v is fulfilled with

e = 1 J (u - t )j+ 1 <f>(J+ 1)(1') dP
n, v U+ 1)! B, 0 '"

1 j+1(J + 1) J( (V))I
= U+ 1)! I~O I B, tof ~

(
S )j+1-1

X (-1 )j+ I-I __v - <f>U+ 1)(0 dP,
~
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where ~=~v,n(W)E [uv,n(w), lol As Sv(w):::;;~ for each wEBv we
obtain for all 1 :::;; l:::;;j + 1, v:::;; njlg n

~ 1 Vi (I )U+ 1-l)/2p(B )
"" C n(J+ 1)/2 n//2 v g V v

(
Vlg v)U+l)/2 (V)I/2

:::;;c -- P(BJ -
n n

(

V 19 V)U+ 1)/2 ( 1 )//2
:::;;c -- P(Bv ) -

n 19 n

Hence the stated inequality for en,v holds, if there exist 0 < Co ~ 1
c3 , C4 < 0 such that for aU sufficiently large n and all v:::;; co(n/lg n),

(
V19 V) (J + 0/2

c3 -- P(Bv )
n

(
S )J+l (VI )(J+0/2

:::;;f ~ (_l)J+ll[>(J+l)(OdP~C4 ~ P(B v )'

~ vn-v n

and

(5)

To prove (5) choose 150 > 0 and cs, C6 < 0 such that

cs:::;;(-1)J+ll[>(J+1)(~):::;;C6 forall~E[to-t5o,to+bo]. (6)

This is possible according to (1). As Bv c {~/2 :::;; S: :::;;~} it is easy
to see that there exist Co E (0, 1J, no EN such that

and hence
~vjW)E [/0 -150 , to+CloJ

for aU wEBv, n~no, and v:::;;co(n/lgn). Now (6) and (7) imply (5). This
finishes the proof of the assertion.

LEMMA 4. Let X n E Y;., n EN, be U.d. with E(Xn ) = 0 and E(X~) = 1. Let
r ~ 3; then we have for all J! ~ ! and 0 < r < r

E[I Sm I' l{IS~I;'y7=1 (lgm)'}J:::;; cm,/2-(r-2)/2 (lg m)y(,-r)

with a suitable constant c > O.
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Proof We -have

[(m(r-1))1/2 (lgm)yr

x E [I Jm(r ~S1~I(lgmf IT 1(Ism/.}m(r-l) (lgm)'I';;O 1)J
~ cmT/2 (lg mfT L P {[ Sm IT ~ k}

kEN Jm(r-1) (lgmf

~ cmT/2(lgmfT L P{IS~I ~kl/T 0-=1 (lgmY}
kEN

where (*) follows from Theorem 2 of [5J or from Corollary 17.12 of [1].

{

O(ne(lg ny-e),

L ve(lg Vf = O((lg n f + 1),

vENn O(lglgn),
0(1),
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